We investigate the equation of states of the β-polymorph of cyclotetramethylene tetranitramine (HMX) energetic molecular crystal using DFT-D2, a first-principles calculation based on density functional theory (DFT) with van der Waals (vdW) corrections. The atomic structures and equation of states under hydrostatic compressions are studied for pressures up to 100 GPa. We found that the N-N bonds along the minor axis of the ring are more sensitive to the variation of pressure, which indicates that they are potential "weak spots" in atomic level within a single molecule of β-HMX. Our study suggested that the van der Waals interactions are critically important in modeling this molecular crystal.
Introduction
Cyclotetramethylene-tetranitramine (HMX) is an important secondary explosive that is most commonly used in polymer-bonded explosives (PBX), and as a solid rocket propellant. The P 2 1 /c monoclinic β-phase molecular crystal (as shown in the Fig. 1 (a) ) is thermodynamically most stable polymorph of HMX at room temperature and has highest density, which is an important factor in detonation velocity. A molecule with a ring-chain structure in the β-HMX crystal is shown in Fig. 1 (b) . Due to its importance, HMX is subjected to extensive studies, both experimental 1, 2, 3, 4, 5 and theoretical 6, 7, 8, 9 . The anisotropic deformation in β-HMX molecular crystals determine how mechanical work is localized to form "hot spots" that promote rapid molecular decomposition, which is necessary for detonation 10, 11 . These "hot spots" are in general associated with the defects in the crystals, including voids, grain boundaries, and dislocations. In general, these defects could be used to engineer the materials' properties and performance 12, 13, 14, 15, 16, 17 . In atomistic models where there are no defects, the molecular crystals can sustain high pressures. Here we define the "weak spots" as the region located at the weak bonds that are vulnerable to pressure or strains, which however are not well understood.
In addition, density plays an important role in the equation of state describing thermodynamic properties, which can be used to describe materials at continuum level. 9 Despite its importance, the accurate prediction of the densities of energetic materials is challenging. 18, 19 Although first-principles calculations based on density functional theory (DFT) provide overall better predictive power than force field models 20 , they fail in predicting densities of energetic materials with standard approximations, partially due to their poor descriptions of dispersion forces in molecular crystals. 21, 22, 7, 4, 23 There are extensive studies to improve the mod- A molecule with a ring-chain structure in the β-HMX crystal. The molecule is center-symmetric. The N1-N3 and N2-N4 forms major and minor axis of the ring-chain structure, respectively. The four carbon atoms are coplanar on the C4-plane. The four nitrogen atoms on the ring-chain are also coplanar on the N4-plane. The angle between C4-plane and N4-plane is 30.3
• .
eling of dispersion interactions, or van der Waals (vdW) interactions 24 . The DFT-D2 method 25 is a revised version of DFT-D1 method 26 and has considerable improvement of its predecessor with negligible extra computing demands comparing to the standard DFT calculations. Its application in studying the structural properties and equation of state of β-HMX under high pressure needs further investigation.
Here we model β-HMX using DFT-D2 method 25 , which describes the van der Waals interactions as a simple pair-wise force field. This method is chosen as a result of compromise between two opposite considerations: accuracy and feasibility. We investigate equation of state of the β-HMX and the atomic structures under high pressures. We found that the N-N bonds along the minor axis (N2-N6 and N4-N8 bonds in Fig. 1 (b) ) are weakest bonds thus atomic "weak spots" in β-HMX molecules.
FIRST-PRINCIPLES MODELLING
We consider a conventional unit cell containing two HMX molecules (56 atoms in total) with periodic boundary conditions, as depicted in Fig. 1 ). The total energies of the system, forces on each atom, stresses, and stress-strain relationships of β-HMX under the desired deformation configurations are characterized via first-principles calculations based on density-functional theory (DFT). DFT calculations were carried out with the Vienna Ab-initio Simulation Package (VASP) 27, 28, 29, 30 which is based on the Kohn-Sham Density Functional Theory (KS-DFT) 31, 32 with the generalized gradient approximations as parameterized by Perdew, Burke, and Ernzerhof (PBE) for exchange-correlation functions 33, 34 . The electrons explicitly included in the calculations are the 1s 1 for hydrogen atoms. 2s 2 2p
4 electrons for carbon atoms, 2s 2 2p 5 for nitrogen atoms, and 2s 2 2p 6 for oxygen atoms. The core electrons are replaced by the projector augmented wave (PAW) and pseudo-potential approach 35, 36 . The kinetic-energy cutoff for the plane-wave basis was selected to be 800 eV in this study. The calculations are performed at zero temperature.
The criterion to stop the relaxation of the electronic degrees of freedom is set by total energy change to be smaller than 0.000001 eV. The optimized atomic geometry was achieved through minimizing Hellmann-Feynman forces acting on each atom until the maximum forces on the ions were smaller than 0.001 eV/Å. The atomic structures of all the deformed and undeformed configurations were obtained by fully relaxing a 168-atom-unit cell. The simulation invokes periodic boundary conditions for the three directions. The irreducible Brillouin Zone was sampled with a 5 × 3 × 4 Gammacentered k-mesh. The initial charge densities were taken as a superposition of atomic charge densities.
In the DFT-D2 method 25 , the van der Waals interactions are described using a pair-wise force field. Such a semi-empirical dispersion potential is then added to the conventional Kohn-Sham DFT energy as E DFT−D2 = E DFT + E disp , and
where N is the number of atoms. The summations go over all atoms and all translations of the unit cell L = (l 1 , l 2 , l 3 ). The prime indicates that for L = 0, i = j. C ij,6 stands for the dispersion coefficient for the atom pair ij. r ij,L is the distance between atom i in the reference cell L = 0 and atom j in the cell L. f (r) is a damping function whose role is to scale the force field such as to minimize contributions from interactions within typical bonding distances r. Since the van der Waals interactions decay quickly in the power of -6, the contributions outside a certain suitably chosen cutoff radius are negligible. The cutoff radius for pair interaction in this study is set to 30.0 Å. Here Fermi-type damping function is used as
where S 6 is the global scaling parameter. The global scaling factor S 6 = 0.75 is used for PBE exchangecorrelation functions. s R is fixed at 1.00. The damping parameter d = 20.0 is used.
RESULTS AND ANALYSIS

Atomic structure and geometry
We first optimize the geometry of the monoclinic crystal (also shown in Fig. 1 ) by full relaxation of all the atoms and lattice constants. The optimized lattice constants are: a = 6.542 Å, b = 10.842 Å, c = 8.745 Å, α = γ=90
• , and β= 124.413
• . For the comparison, we also optimize the structure without the van der Waals corrections. Our results of the lattice constants, the volume of the unit cell, and the densities are summarized in Table 1 and compared to the experiment and previous theoretical results. It shows that the standard DFT calculations give poor predictions. For example, the volume of the unit cell is 6.7% higher than the experimental value. The prediction of the density of β-HMX from our DFT-D2 calculations are more accurate, with a difference of -1.47% compared to the experimental value. This is a significant improvement over standard DFT calculations without van der Waals corrections.
In general, the molecular dynamics (MD) simulations predict better lattice vectors than the standard DFT calculations. It is partially because the MD calculations include the van der Waals interactions. Once the van der Waals corrections are introduced, the first-principles calculations 9, 37 show good predictions with accuracy within 3% of the experimental values.
Equation of States
We study the isothermal equation of states of β-HMX at zero temperature under hydrostatic pressures. The corresponding volume is obtained after the system is fully relaxed. The pressure-volume curve of unreacted β-HMX at the temperature of 0K was illustrated in Fig. 2 It is worthy pointing out that the experimental data were collected at room temperature. Whereas, Table 1 : Lattice constants a, b, c, lattice angle β, volume of the unit cell V , and density ρ predicted from DFT and DFT-D2 calculations, compared with experiments and previous calculations. The numbers in parentheses are differences in percentage referring to the experiment a . DFT-D1 study using PAW-PBE(GGA) and zero-point energy corrections (T=300K) in Ref. our results are for zero temperature and we have not corrected the results to account for finite temperature. Moreover, our calculations are performed using the β polymorph of HMX, which is consistent with the experimental data of Gump and Peiris. 45 As observed in previous studies, 6, 46 the calculated isotherm appears to approach experimental curve with increasing pressure. However, as discussed below, the sample from the experiment of Yoo and Cynn 2 is no longer in the β phase for pressures beyond 12 GPa.
"Hot spots" within a molecule
We next study the evolution of the structures of β-HMX under high pressures. Firstly we studied the lattice structures including lattice constants and lattice angles. We observed that the lattice constant b and lattice angle β are more sensitive to the applied pressures. We then examine the bond lengths under various pressures in order to find the atomistic mechanism corresponding to the variations of pressure. The bond lengths of the bonds C-H, C-N, N-O, and N-N as a function of hydrostatic pressure p ranged from 0-100 GPa are illustrated in Fig. 3 . In our unit cell, the number of bonds is 16, 16, 16 , and 8 for C-H, C-N, N-O, and N-N, respectively. The bond lengths are averaged over the unit cell.
Our results show that the N-N bonds are the most sensitive to the applied hydrostatic pressure, which indicates that they are potential atomistic "weak spots" within a molecule because they are vulnerable to compression.
There are two kinds of N-N bonds in a HMX molecule: one along the major axis along N1-N3 of the ring-chain (Fig. 1b) and the other along the minor axis along N2-N4 of the ring-chain (Fig. 1b) . In order to find the more accurate atomistic "weak spots" within a single molecule, we further examine the bending angles under various pressures. The four carbon atoms are co-planar, marked as C4-plane. Due to the symmetry, there are two angles between the N-N bonds and the C4-plane. The angle along the major axis is denoted as β 1 and the angle along the minor axis is denoted as β 2 . During the compression, the two angles β 1 and β 2 might respond differently, causing the anisotropy of the crystal.
The β 1 and β 2 as a function of hydrostatic pres- sure p ranged from 0-100 GPa were plotted in Fig. 4 . We found that β 1 increases with respect to an increasing pressure, opposite to the decrease of β 2 . Furthermore, the angle β 2 is more sensitive to the applied pressure than the angle β 1 , indicating that the N-N bonds along the minor axis are more vulnerable to the compression. Therefore, we may conclude that the N-N bonds along the minor axis is responsible for the sensitivity of β-HMX.
CONCLUSIONS
We studied the molecular structural and equation of states of the β-HMX using the DFT-D2 calculations, which is a first-principles calculation based on density functional theory (DFT) with van der Waals corrections. The accuracy of the density is significantly improved from -6.2% to +1.5% using van der Waals corrections compared to the standard DFT calculations. The equation of states under hydrostatic compressions are studied for pressures up to 100 GPa. The agreement of our predictions with the experiments suggests that the van der Waals interactions are critically important in modeling the mechanical properties of this molecular crystal. Our analysis of the hydrostatic compression of β-HMX molecular structures reveals that the lattice constant b are more sensitive to pressure. We then studied the the bond lengths of C-H, C-N, N-O, and N-N bonds. We found that the N-N bonds are vulnerable to the pressure. We further studied the bending angle between N-N bonds with the plane formed by carbon atoms. It turns out that the N-N bonds along the minor axis of the ring are more susceptible to pressure. Thus the "weak spots" in atomic level are the N-N bonds along the minor axis of the ring within a single molecule of β-HMX crystals.
